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1 Introduction
In this report, we investigate the following equation:

{ut(x,t) — (K(z)ug(z, 1) + V(x)u(x,t) =0
u(z,0) =d(x —y)

where K,V are step function and y a fixed number in R. This framework can be used to simulate
fluid dynamics involving reaction and diffusion in various mediums. We employ the method of the

Laplace wave train to find the solution to this equation.

2 Preliminaries
Proposition 2.1. Given two coefficient K and V. The solution of

{ut(x, t) — Kugg(x,t) + Vu(z,t) =0
u($7 O) = 5($ - y)

is

)2
@_Vt_(u(yt)
ul(, ) = 2V Kt

Proposition 2.2. Denotes the Laplace transform of function f(z,t) on on variable t as

L(f)(z,s) = /000 e f(x,t)dt, Re(s) >0

Then, the Laplace form of (2.2) on variable ¢ is

(z—y)?
e~ Vi- TR’ 1

_ o~/ Tl
2V Kt 2/ K(s+V)

L(

(2.1)

(2.2)

(2.3)



Proof: By applying Laplace transform on (2.1),
sLu— KO*Lu+VLu—6(z—y)=0

2.4
(s+V —K&)Lu=06(z—y) (2.4)
which gives
Lu = ;e_\/ ey (2.5)
2\/K(s+V)
By (2.2) and (2.5),
—V (z—y)?
c(< s ) 1 o=V ey (2.6)
2VK 2\/K(s+V)
O
By apply partial differential of = at both side of (2.6), we have
_(z—yp)?
4Kt o s+V o
E(]:c y[ 2\/_153/2 ) — ¢ V7R vyl (2.7)

3 Reflection and transmission coefficients around a jump

Consider the case that K and V' are step functions with one jump at 0, that is,
t(@,t) = (K(2)ug)a(z, 1) + V(z)u(z, ) =0

K(x) = K H(x) + K-(1 —H(z))
() = ViH(z) + Vo(1 = H(z))

u(z,0) = d(z —y)

where H(z) is Heaviside function,

e

<

1, x>0,
0, x<0.

H(z) = {

Apply the Laplace transform with respect to variable ¢ on (3.1), we have
sLu — (K(x)Luy), + V(x)Lu = §(x — y) (3.2)
and it implied by (2.4) and (2.5) that for some coefficients R__, R, ., T, T _,

( S S — S S
. V= oy e*\/%lwyl . Syl ol
+R__ (1—H(x))+ (T-+ H(x) ,y<0
2K _(s+V_) 2/ K_(s+V_) 2/ K_(s+V_)

s+V+ S+V+

s+V |x\ _ s+V+

ly|— [z+y|

(T KTV Ja-men =+ (; K+<s+v+>+R**2 ey

>7—[(x) ,y>0
(3.3)

By requiring the continuity condition,



1. Lu is continuous at = = 0,

2. Lu, is continuous at x = 0,

we obtain that the reflection and transmission coefficients are

4

T, _

2/ K (s + Vi)

B VE_(s+V_)+ VKi(s+ V)

2K _(s+V_)

T VE (VO +/E (s + V5)

VL (V) - VE (s+ V)

VE 5+ V) + K (s+ V)

_VE (s+V) - VE (s +V4)

VK s+ V) +/Ei(s+ V)

(3.4)



4 Some definition

Let J = {1, 2,...,2n} be the set of all of jump discontinuous of K(z) or V(z). We define the
transmission coefficients T, T'Y” and reflection coefficients R™_, R%’, across z; as,

7

T 2K (s +Vy) T 2/ K_(s+V_)
TOVE VO VK s+ V) T R s+ V) + /K (s+ V)

RY. — VE s+ V) =K (s+V)
VR s+ V) + R (s +Vy)

g VE (V) - VE(s+ Vi) (41)
T VE_(s+ Vo) + /K (s+ V)

(K- = K(zj—), Ky = K(z+) Vo =Vi(r—), Vi = V(g+)
Definition 4.1. We define 2, , as the set of path that connecting y and z, that is,

Q. ={7:7:[0,1] = R, v is continuous with y(0) =y, (1)

}
Definition 4.2. Given v € €, ,, we define

Ty, if vy passes x; from left,
d T%_, if v passes x; from right,
' RY. , if v passes x; from left,
RY

7, if y passes z; from right.

and D(v) = {di,ds...}. Based on this, we define

— ) IDMI
ma)= 42
) H d, , otherwise . (4.2)

k=1

Theorem 4.3.
N e
e 7 ()
Lu= 2, m0) (4.3)
v;ﬂ: 2/K(y)(s + V(y))



5 Inverse of m(y)

5.1 Inverse of R

Proposition 5.1. The functions

v1i+z-— %
N R

\/I—I—Z—l—\/K—+

\/1+z—1/%
CVTTe+ /B

f(z) =

(2)

are analytic around z = 0 with

> 1

— f < —

f(z) ;%anzm or |z] < 5
> 1 (5.1)

- bn s f S =

9(2) nz:; z or |2] < 5

lan| <1, b, <1
and P i

Qao, b(] = - + (52)

(VK- + VEK.)?

Proof: First, it is clear that f(z) is analytic on the domain |z| < 1. By Cauchy integral formula,
there exists a,, such that

N | —

f(z) = Zanz" for |z] <

Now, for any 1 > ¢ > 0, we consider the expansion of f around 0 on the domain |z| < 1 — ¢, we
know by identity theorem that

f(z) = Zanz" for |z] <1—¢
n=0

and

|an| =

1 7{ £(2) ‘ |
P dz| <
27 |z|=1—¢ szrl (1 — €)n+1

since |f(z)| < 1 for |z] < 1. As e — 0%, we can see that |a,| < 1. On the other hand, we know
that

K_—K,
(VE-+VEK.)*

Similar way gives us the result of g. [

ao:f(o):



Proposition 5.2. Suppose |V, —V_| < 1 and V_,V, > 0. The function

_VE (V) - VE (s + V4
VE_(s+V_)+ /K (s+Vy)

SRR EREREY] e

n=0

R__(s)

has the form

Proof: At the first, we know that

O VE_(s+ V-

) - VL
VE-(s+ V) + VK4
1+ Vst:v‘i_ o \/%
LT /e

Since [V, — V_| < 1 and V_,V, > 0, we have [“22=| < 1. By (5.1), we see that

s+V_
V. —V.\"
s+ V_

__(s)

s+ Vi)
3+V+)

R__(s) = :0 an(

which is our desired form. On the other hand,

R Y 1+ :_J:VZJF vV %
S + —

Since |V — V_| < 1 and V_,V, > 0, we have |[*=—‘*| < 1. By (5.1), we see that

s+Vy
- Vo —V\"
R__(s)=Y b,
(S) nZ:; ( s+ V+ )
O
Proposition 5.3. Suppose |V, —V_| < 1and V_,V, > 0. Then
K_—-K = 1
LYR__) = L 5(t)+ ) ane” VNV V)"
(VK- + VK )? nz::l (n—1)! 5.4
K —K, > {n—1 '
= S(t) 4+ Y bpe (Vo — V)"
VR I ) e =V Gy



Proof: By (5.3), we have

Hence,

K — tnfl
- v Z ‘ "1
Similar way gives us
K —-K - -t
LYR._) = 5 (t boe UV~ V.
Corollary 5.4.
K —-K .
L_l R + <V —min(V_,V4)
SR eV o5l B
Proof: (5.4) tells us that
K -K - gt
LR ) =) ae (V- V)"
( ( K + K+)2) 2 ane ( + ) (n . 1)|
Hence,
K —-K - !
£_1 R + < " —V_t V. —V_ n—'
‘ ( (\/_K,+\/_K+)2) = ; ane (Ve = V2) (n—1)
vy, (Ve Vet
< Vi —Vile g e
By (5.1), we have |a,| <1, so
_ K_-K R e A A D
LYR__ ) < |V, -V |e"?
’ (VE- + VK, )? - n; (n—1)!

S ’V+ o V_Ie_V7t+|V+_V7It



Another expansion of R__ given by (5.4) gives us
K K,
(VE- +VEL)?

LY R__ - < |V — V_|em VrtHVe—V=It (5.7)

(5.6) and (5.7) tells us that

K —-K .
Lfl R — + <|V.-V_le min(V_,V4 )t
R )| <
O
Corollary 5.5.
K, —-K_ .
E_l R o + <|V.-V._ —min(V_,V4)t 5.8
By — )| < Ve - Ve (5.9
Proof: Since R, = —R__, this result followed by (5.5). O
Corollary 5.6. For any z; € J, we have
. K, —-K_ .
E_l Rl’g . + < 174 —inf(V)t 5.9
( ++ (\/K—f— \/K_+)2) = (H ||BV)6 ( )
Proof: Directly from Corollary 4.5. O

Corollary 5.7. Given any n reflection coefficient R;, j = 1,...,n (they can be either reflect
from left or right), with the form given by (5.3) that

V]
_c]+27n]< +V])

n;=1
where
K — K
= . if R; is reflection coefficient from the left,
(VK. 4/ K)?
K, — K’
: — if R; is reflection coefficient from the right
(VKL +4/KL)?
then
n n . o n ) ] tk—l
’ﬁl(H R; — ch) < g ming (V2. V)t (Z) (max ¢;)" ¥ (max [V? — V{|)F =] (5.10)
J j —1)!
j=1 j=1 k=1

Proof: We prove it by induction. It is clear that by (5.5) and (5.8) that, the case n = 1 holds.
Assume that the inequality holds for n = m. Now, we consider n = m + 1, we have

m+1 m+1

m m m—+1
HR —H i = (Rmt1 — Cms1 + Cmg1) (HR] HCJ+ Cj)_HCj
j=1 j=1 j=1
= (Rmt1 — Cmg1 (H R; — H C]) + Cmt1 (H R; — Cj) + (Rg1 — Cmy1) H Cj



So,

m—+1 m+1
e I
J

m m m m

= ‘ﬁ_l(Rmﬂ — Cmt1) (H R; — H ) + e L7 ( H R; — Cj) + H L Ry — Cmt1)
j=1 Jj=1 Jj=1
< ‘ﬁl(RmH—CmH (HR ch)‘+|cm+1’ L (HRj_HCj)
j=1 j=1 j=1
I
j=1

¢ m , ' k-1 o
< / — min; (V7 VJ )¢ Z ( ) max Cj m k(m]ax |V_] . V—|]-|)k (kC_ 1)' . |V_m+1 . V_:-n—l—lle— mlnj(Vﬁ,Vj)(t—C)dC
0 k=1 '

+ ‘Cil(Rerl - Cerl)

e Y () ey a1 V)
J — k J J

+ (mJaX Cj)m‘vm+1 . V_ir_nJrllef minj(Vz,Vi)t
i iy e [T , : tF
< o ming (V2 Ve Z (max cj)m_k(max V72 — Vj|)k+1—
p k j j k!
4 o ming (V2 VY) ti Y=k Vi~ VIE th!
maxc max |[V? —
— i) N (R D]
e~ miny (V2,V)) t(m axcj)" (maX\V] %)
m+1 k—1
< o ming (V2,V)e Z m (max ;)™ * (max |VJ VJ|) ¢
- ~\k—1)" ! j (k—1)!
— min; (V7 V)t — (m m+1—k J j te!
+ e~ min(V2,VE Z L maxcj) (mJaX]V — VI|)* =]

i

1

+e min; (VZ,V])t max c]) (max ‘V] V-ij-’)
J

~~

J
— min; (V7 V)t - mA1—k j ik
<e Vi 22 . (mjaxc]) (maux |V — V7)) I
e~ ming (V2 V)t maxc )R (max [V — V) alll
i) j (k—1)!
— min j . . . tm
+ (4 1) *”(mgxcg) (mavs V2 — V) + (ma [V = vyt O
iy e (m 1 1
< fminj(V_,V_f_)t \n—k Vj _Vj k
>e€ ; k (mjaXCJ> (m;lX| - +D (k—l)'



Corollary 5.8.

n n ) YR Ve —min-(Vz,Vj)t max; c;
. (max; |[V? — VI|)emmmlV="3)te 7 n
‘E (J[[l R; — j[[lcj) < s (2 mjaxcj) (5.11)
Proof:
‘ﬁ_l(H Ri— ]I
=1 =1
< e~ min; (V7 V)t Zn: n (maxc)”_k(max |Vf — Vka -
= = \k)> 5 i (k—1)!
n J T4 k-1
J i)y e ming (VI Vi n ok (max; [V2 — VIE)
< (max [VZ — VY[)emmmtimte ’; (k;) (max ;) k—1)
(max; [V? — V7|)e™ ming (V2V)E L/ . 1 max; |V7 — VI[t\*!
= max; ¢; k (maxc;) (k—1)! max; ¢;
3 ¢ —1 J : 3 ¢
_ (mag [V — Vi jemmin V2Vt & o o1 (man Vi — Vi|t)’“‘1
< max ¢;
max; ¢, =~ (k= 1)! max; ¢;

o max VI v
' i, —min; (V. VIt max, .
(max; |V — V| mins (V2 VIt ™ maxye;

= [(2 max Cj)n}

maxj Cj b

10



6 Estimation of Gaussian

Proposition 6.1. Given a sequence of function fi(t), fo(t), ..., fu(t) with fi(¢t) > 0 for all k£ and
constants ¢y, ca, ..., c, with ¢, > 0 for all k. Then,

(e f1(£)) %y (€72 fo(L)) g - - 3 (€70 fn(t))‘ < e fi(t) x folt) %o fult) (6.1)

Proof: We show it by induction. For n = 1, the inequality is clear. Suppose for n = m, the
inequality holds. Now for n = m + 1, we have

(e fr(t)) *¢ (e fo(t)) #e - % (ecntfn(t))‘
(e o (1)) *o (e fot)) #1 -+ # (€7 fu(t))
((ecltfl(t) koo Ky (ecmtfm(t))) s (€71 fria (1))

J
J

< et (@) 0 10 0 0] ()t = i
(D) w0 flt) 2050 )

)
[(€Cltf1 ) ETEREEY (ecmtfm(t»} (r)(e e ) fo i (t — 7))dT

[e=]

IN

e~ (mini=1,__m ci) [( (t) *, f2( ) -y fm( ))‘|( )(670m+1(t*7)fm+1(t — T))dT

t
t
(

—(ming=1,...,m,m+1 ¢i)t

IA
o

11



Proposition 6.2.

_ s+V( 'y)d _%(fdi"/)Z
(T R o
2 K(y)(s+V(y) /|~ 2/ K (y)mt

Proof: Suppose v = 1 + v + -+ + vy with K(v) = K(y), V(1) = V(y) and K(y) = Ky,
V(w) =Vi, k=2,..., M for some constant K and Vj, then by (6.1) and the fact that

7f~/1 Vﬁ‘dw ]
51(62—K()) >0, Ll(e—fwk\/m‘“') >0, Vk=2,....M
Sy

we have

‘ 1 A 270 |y | ) e—f71 e |dy |-k, f, S+V’“\d'y|
L™ ( =L
)))’ ' ( > ‘

2/ K (y)(s+ V( 2/ K(y)(s+V(y))

fﬁ %W =,
:'ﬁ 1< € >*t£1<efw onllal |> %p ek

_ s+Vr
£ (e fw K |d“’|)‘

_ /S \d
{e_v(y)tﬁ_l (—6 ;Wl [?(y); ﬂf')] *y {e_VZtﬁ_l (e_ Sy \/KTzldw)} *
SKY

|:6V]\/[t£1 (6_ f"/M \/ ng\/l|d’Y|)‘| ’
7f71 V ﬁ‘d | 5
< ef(ian)tEfl (6 @ ) * ﬁfl <€f72 \/?2d7|) "
2y/sK(y)
Lt (6_ Jore Vs ldﬂ)

< GVt po (e— [ \/Kf'y)|d’Y|)
~e€ ——

<

2/sK(y)
=
< 6—(ian)t ol
N 2/ K(y)mt
Here, we have used proposition 5.1. 0
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7 Example of two jump

Assume that J = {x1, 2o} with x; < 25. Moreover, suppose that

Ky, ifx <,
K(x) =R Ky, ifr <z <y, (7.1)
Kg, if x > Za,
and

Vi, itz < a,
V()= Vs, ifz <<, (7.2)
Vs, if x> xs.

where Vi, V5, V3 > 0. We discuss the case y < xy.

For x < x1, we have

Lu(z,s) =
oV R el oV E (=il Ho—m]) o0 0i 1€ T (=1 [Ha—a1 )~/ T2 (221 —3])
+ R + ) ()T ) (R )
2 Kl(S—f—‘/l) 2 K1<S+‘/i) =1 2 Kl(s‘i_‘/l)
(7.3)
For 1 < x < x5, we have
> e VR (e 2l )
£ule) = ST R (R Y s o
e 1 1
S ) gt TR (e 251 1 —a2])
+ Tzl sz )J+ (Rm
];0 A 2 Kl(S + ‘/1)
For x > x5, we have
5 —/ St ly—a1| - TR (2D o1 —2)) - et [a—aa|
Culx,s) =3 (T%)(T™) (R, ) (R™ Y (7.5)
JZ:; + N AC LT 2 /Ki(5 + V1)
Now, we define
K — K, Ky — K,
C:ilf == ) o=
(VKL + VEK2)? T (VEL+ VE)? (7.6)
o Ky — K3 2 K3 — Ko .
T VKA VR T (VR + VEKS)?
and o = max{|c™_|, [}, |, [¢™ ], |22 ]}

Proposition 7.1. Suppose |V| gy < 1 and V; > 0 for ¢ = 1,2,3. Given any number [ € N, we
have

2.

J=l

T PR
a?(1 — 4a?)
(7.7)

(2&)2l

£t ((T"”;)(Tf)(}%m)?ﬁ—l — (14" ) (1 — cxl)(cxl)2(cx2)2j_l) ‘ <

13



j=1

< Z r-1 @2 \2j—1
j=l

By Corollary 4.8, we have

il ‘5_1 ((Tri)(Tfl)(Rw)”‘l — (1)1 - Crl)(crl)z(cwz)%—l) ’

¢ IWVlBvt oo

_mini(%) 1 4 '
S ||VHBV€ ¢ Z ((2@)2]—1 + <2a)2]+1>
(6]
7=l

2||V || pye mimValte b1
< 9 j
B Q Z (20))
]:
A%

14



By similar calculation, we can conclude

Proposition 7.2. Suppose |V|py < 1 and V; > 0 for ¢ = 1,2,3. Given any number [ € N, we
have

oo

>

J=l

c ((Tfi)(R?_)j(Riu)j — (L4 ) (e ) (¢ ) ) ‘ < O||V || gye mim (Va5 (942

(7.8)
and -
Z < Tm RxQ—)j+1(Ri1+)j _ (1 + Cz_l_)(CiQ_)j-H(Cfl_)j) ‘
=l (7.9)
S O( )HVHBve mlnl(V)t—&-t”VHBV (20[)%
and
> |et (@mmmmn ey - a e e @ yey) )| o
7=l
< O()||V || gye™ ™m0+ T8 (9 (7.11)

Corollary 7.3. If o < 1, u converges absolutely in all cases.

Proof: We show that for the case © < x1, u converges absolutely, for other cases, the proof is
similar. First, by (7.3), we know that

Lu(x,s) =
e~ S+V1| —y| e \/S+V1(|y z1|+|z—21]) 0o i i i 2.716—\/84_‘/1(\?4 @ |[+|z—z1])—y/ S+V2(23|z1 —z3|)
+ R + ) (T2)(T)(R2)
2/ Ki(s+ V1) 2\/Ki(s+ W) o 2/ Ky(s+ V1)
So, we just need to show that
oV e — SR Gl —aa)
Zﬁ (e )
2 Kl (S —+ ‘/1)

converges absolutely.
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Let C; = (1+c2)(1 —

>

) ()2 (™2 )% Tt is clear that C; > 0. By Proposition 5.2

9+1

V-
(ly—a1|+z—21)— /72

(2j]z1—z2])

£ 1( Tzl Tmlf)(Ri{)%_le

j=1
s | o~V R (y=a1 o —a1)— /S22 (241 —aa])
=Y | ( (T2 (T ) (RE )P — Cj> * 5_1( )
2- 2 K1<S + Vv1>

+
Kll (ly—z1|+|z—z1]) =/ 52

e (2j]z1—2])
+ Cjc—l( )'
2 Kl(S + ‘/1)

( (T2 (TR ) (RE ) — Cj) ‘(t —)

o=V T =1 o= )=/ (2jler—zal)
L'_l( ) (1)dr
2/Ki(s + V1)
(\y*z1|+lwfm1\+2J\I1*w2\)2
4 VEL Ko
+ C me)t
Z 2 Klﬂt
oV F (= 1)y /2 2z )
(T ) (TR ) (R™. 2]‘—1—0-)‘ t—T 5—1( ) T)dr
/ e (e -6 )| n) N/ e=n )

1 (\y @ |+|z— 11\+23\z1 12\)2
K VK
me)t vEL : ‘

2 Klﬂ't

+ZC

Since we know that > °2, Cj = > 7% (14 ¢ )(1 — ¢ ) (e )?(¢.)¥ ! is absolutely converges by
the fact that ¢*> < a <« 1 and we have Proposition 6.1, we can see that

o

s+V1

(ly=a1 [ +le—e1))— /22 (2jler—z2))
2 K1(8+VE) )

is absolutely converges and,

Ve
et (ly—a1|+Ha—a1))— /2

e 7y (24]e1—w2])
( Txl Txl_)(R:iz_)Qj—l ) ’
2 K1<S + ‘/1)

1 ly—zlHlz—=21]\2

~ )
( (T2 )(TF ) (R ) — ) ‘dt + Z Cye v

<M0/

2y Kqmt
t — ming (Vi )t+ VY 4&%)
2|V || gye™ mims(Va)i+ == , o L
< M, 20)2dt + e~ V)EE
0/0 a?(1 — 4a?) (20) ¢

C.
2\/[(17’(25 ; !
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